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Abstract 

We study a non-anticommutative chiral non-singlet deformation of the 7V=(1, 1) abelian 
gauge multiplet in Euclidean harmonic superspace with a product ansatz for the deforma- 
tion matrix, Cfej = c^ a ^b^ ik y This choice allows us to obtain in closed form the gauge 
transformations and the unbroken 7V=(1, 0) supersymmetry transformations preserving the 
Wess-Zumino gauge, as well as the bosonic sector of the 7V"=(1,0) invariant action. This 
should be contrasted with the generic choice for which the analogous results are known only 
to a few orders in the deformation parameters. As in the case of a singlet deformation, the 
bosonic action can be cast in a form where it differs from the free action merely by a scalar 
factor. The latter is now given by cosh 2 (20 v /c Q/3 c ct/ 3 b tk bik ) , with <j) being one of two scalar 
fields of the Af=(l,l) vector multiplet. We compare our results with previous studies of 
non-singlet deformations, including the degenerate case = which preserves the 

W=(l, \ ) fraction of VV=(1, 1) supersymmetry. 



1 Introduction 



Non-anticommutative — or nilpotent — deformations of Euclidean superspaces naturally emerge 
in string theory while considering a low-energy limit of some superstrings in special backgrounds, 
e.g. a graviphoton background ^IH- These string theory- inspired deformations have recently 
boosted the interest in non-anticommutative Euclidean supersymmetric field theories, with prop- 
erly broken N = (|, |) or N = (1, 1) supersymmetries jS] - [ISI- 1 I n the superfield approach, 
the nilpotent deformations are introduced via Weyl-Moyal product with a bilinear Poisson op- 
erator which is constructed either in terms of the supercharges, or in terms of the spinor co- 
variant derivatives |171 1181 119j . These two options lead to the Q- or D-deformation, respec- 
tively. Q-deformations break supersymmetry but preserve chirality and, in the M = (1, 1) case, 
also Grassmann harmonic analyticity. On the other hand, D-deformations are supersymmetry- 
preserving, but they break chirality and, generically, Grassmann harmonic analyticity. Since it 
is Q-deformations that are directly implied by string theory (at least for a few well elaborated 
cases), it seems tempting to continue studying for a while their various options and physical 
consequences thereof, leaving aside the issue of the precise relation of these options to specific 
string backgrounds. As pointed out in ^U], these deformations can e.g. provide a new mech- 
anisms of soft supersymmetry breaking in some realistic supersymmetric theories. From the 
mathematical point of view, they are also of interest, giving rise to a new variant of q-deformed 
supersymmetry |2()1 12 lj . Their impact on the target space geometries of supersymmetric sigma 
models and corresponding scalar potentials was studied e.g. in [22]. 

In this paper we shall deal with the M = (1,1) — > M = (1,0) supersymmetry breaking 
Q-deformations, the associated Poisson operator of which reads 

p = -Qic?fQ k p . (1.1) 

The Moyal product of two superfields is then defined by 

A*B = Ae p B. (1.2) 

The deformation parameters C?j form a constant tensor which is symmetric under the simul- 
taneous permutation of the Latin and Greek indices, = Cj". Generically, it breaks the full 
automorphism symmetry Spin(4)x 0(1,1)* SU(2) = SU(2) L x SU(2) R x 0(1, l)x SU(2) of the 
J\f = (1,1) superalgebra (0(1,1) and SU(2) are the R-symmetry groups) down to SU(2)r. The 
operator (jl.lj) can be split (see for example jSl[3]) as follows 

P = -lQ \e^s ih Q\ - Q l a C^Q% . (1.3) 

1 A more complete list of references can be found e.g. in 
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The first term is Spm(4)xSU(2)-preserving while the second term involves a SU(2)lxSU(2) 
constant tensor which is symmetric under the independent permutations of Latin and Greek 
indices, Cff = Cf 3 a = Cf. For the generic choice, it fully breaks "Lorentz" symmetry SU(2)l 
and R-symmetry SU(2). Q-deformations induced by the first term only are called singlet or QS- 
deformations, whereas those associated with the second term can naturally be named non-singlet 
or QNS-deformations. A key feature of Q-deformations and D-deformations is the nilpotent 
nature of the Poisson operator which advantageously makes the Moyal product polynomial. 
In the case under consideration P 5 = and, as a result, 

A*B = AB + APB + -AP 2 B + -AP 3 B + —A P 4 B . (1.4) 

2 6 24 v ' 

A detailed treatment of this Poisson operator in the harmonic superspace approach was given 
in EI- The Moyal product associated with it breaks Af = (1,1) supersymmetry down to 
Af = (1,0) (P does not commute with Qai) but preserves both the chirality and Grassmann 
harmonic analyticity of the involved superfields, as well as the harmonic conditions D^A = 0, 
in virtue of the properties 

[L>±P]=0, [L>±P]=0, [D ±± ,P]=0 (1.5) 

(see 03 and Appendix [X] for details of the notation) . 

In the present paper, we study the QNS-deformation of Af = (1, 1) supersymmetric U(l) vec- 
tor multiplet in harmonic superspace, thereby continuing the series of works on QS-deformations 
of the vector multiplet 9 and hypermultiplet [TJ3- To simplify things, we choose the deformation 
tensor in the particular factorizable form 

6+ = b {ij) c^ . (1.6) 

It breaks the "Lorentz" group SU(2)l and R-symmetry group SU(2) down to U(1)l and U(l), 
respectively. For this choice, we explicitly present the gauge transformation of the fields in the 
Wess-Zumino (WZ) gauge, as well as give a few examples of unbroken Af = (1,0) supersymmetry 
transformations. We also calculate the bosonic part of the deformed Af = (1, 0) supersymmetric 
action. The choice (|1.6j) allows us to obtain exact expressions for the deformed Af = (1,0) gauge 
and supersymmety transformation laws and the action, in contrast to the generic choice for 
which the corresponding expressions are known as formal series in the deformation parameters 
[Tl^J. More precisely, the authors of [Tl^J have obtained the all-order formula for the gauge and 
susy transformations in power-series form and explicitly presented the lowest orders. The unique 
possibility to deduce all results in closed form is a major reason why the non-singlet deformation 
with the ansatz ()1.6|) is worthy of a detailed study. When turning off some components of C^f 
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it is also possible to find exact expressions; see for example ^2] where the exact gauge and 
N = (1, |) supersymmetry transformations are obtained for a special case. 

The bosonic action has a structure similar to the QS-deformed action calculated in |B1IH1- 
Namely, after a proper field redefinition the Lagrangian proves to differ from the undeformed 
one merely by a scalar factor which is a regular function of the argument 

X = 20\/&V, where b 2 = b ij hj and c 2 = c a/3 c a g , (1.7) 

and (j) is one of two real scalar fields of the gauge N = (1,1) multiplet. The precise relation is 
as follows 

r . _ _ , r i i .. i ~ „~ l 

(li 



S = J d A x cosh 2 (20\/?62 

where F a g = 2id^ a& A c L is a self-dual component of the gauge field strength, with the potential 

A^g possessing the standard abelian gauge transformation law. 2 We observe that the only non- 
trivial irremovable interaction in the bosonic limit is that between cj) and F a g, as in the case 
of QS-deformation. Expanding our results in powers of X we show that the first-order terms 
are comparable with the formal series results obtained in We also consider the case 
of degenerate QNS-deformation preserving the N = (l,i) portion of supersymmetry It 
corresponds to the choice b 2 = . We find agreement with a recent paper ^21 where the same 
option was treated within the jV = 1 superfield formalism. 

The basic conventions used throughout the paper are summarized in Appendix^ Appendix 
El contains the list of useful harmonic integrals. 

2 Generalities of Q-deformed J\f = (1, 1) gauge theory 
2.1 The structure of generic Q-deformations 

We use the harmonic superspace |23M24j and work in its left-chiral basis, as defined in Appendix 
lAl where 

Qi = d a . Qt = Q>f = ±d Ta . (2.1) 
In this basis, the Poisson operator Q1.1JI . (|1.3|) of the generic Q-deformation is written as 

P = ~KC^ k g , (2.2) 

where 

r 

J ik (ik) 



C5? = (2-3) 



2 Recall that at the quadratic level F al3 F a p equals to the standard gauge field kinetic term ~ F al3 F a f3+F al3 F 6[ 
modulo a total derivative. 
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Being expressed in terms of the harmonic projections 

q±± a/3 = q±± (a/3) ^ £,±=f a/3 = £±T (a/3) _j_ j £ a/3 ^ £+- (a/3) = £-+ (a/3) ^ ^.4) 

the Poisson operator reads 

P = -*d +a n++*<- 

*d- a (C + - a/3 -Ie al3 )~d + p 



d +a C ++ap d +f} - d +a (C+- a P + Ie^) d ^ 



(2.5) 



-/3 



The Q-deformed commutator of two Grassmann-even and harmonic-analytic superfields A 
and B can be calculated using the definition ()1.2|) . (fl.4|) of the star product. For the superfields 
commuting with respect to the ordinary product, [A, B] = 0, the deformed commutator is given 
by 



AH 



-2\l (dlAd +a B - d%Ad- a B) + {d- a Ad-pB)C~ aP 

+ (d +a Ad +l3 B)C ++af3 + (d- a Ad +f) B + d +a Ad- P B) C+- Q < 

-?,[d^ a {d + ) 2 Ad_p(d + ) 2 B}M ++a ^ 



(2.6) 



where 



A-\ — (07) n++ rj-\ — (mP) _ n++{ a i)(j++ n — (m/ 3 ) 
(7^) (taO 



-I 



C++a(j+-(-yl3) _|_ Q++PQ+- (7") _|_ /2 (a/3) 



(2.7) 



Thus only first- and third-order terms contribute to the star commutator of the commuting 
analytic superfields. Since we are interested in the deformation of Abelian N = (1, 1) gauge 
theory, it will be basically sufficient to know the relations (|2.6|) . (|2,7|) . Note that for the special 
choice 



C, 



(a/3) 
(ik) 



(ik) 



the expression Q2.7JI drastically simplifies to 



M ++a/3 = c (a/3) 6 + +(I 2_ 1 2&2) ^ 



,(<*/9), 



1 ~(a#) ' 

and vanishes for a particular relation between the deformation parameters, i.e. 



° (ifc) o (ifc) 



1 

-co 



2u2 



(2. 



(2.9) 



(2.10) 



In what follows we shall use just the choice (|2.8[) in the component calculations since it 
allows one to obtain all the basic quantities in a closed form. While the generic fully 
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breaks both SU(2)l and SU(2) automorphism symmetries, the particular ansatz (|2.8j) breaks 
these symmetries down to U(1)l and U(l). Thus it is the maximally symmetric choice for the 
non-singlet deformation matrix. A generic matrix C^L comprises three essential real parameters 
as compared to two such parameters in (|2.8|) . In Sect. 4 we shall also consider a degenerate case 
of (JHHJ) with b 2 = 0. 3 

2.2 Deformed gauge transformations 

The residual gauge transformations of the component fields of the Abelian N = (1, 1) vector 
multiplet in the WZ gauge can be found from the Q-deformed superfield transformation [§] 

6 A V++ = D++A + [V++,Al , (2.11) 

with being the analytic harmonic U(l) superfield gauge connection and A the analytic 

residual gauge parameter satisfying D^A = D^K = . 

The superfield gauge parameter A should be chosen so as to preserve WZ gauge. In the left- 
chiral basis, where = xf° — 4i9~ a 9 +a (see Appendix ^] for details), has the following 
^-expansion 

C = v ++ + 0+v +& + (9+) 2 v , (2.12) 

where 

v ++ = (6 + f4>, (2.13a) 
v +* = 26 +a A% + 4{9 + ) 2 ^- & - 2\{6 + ) 2 6- a d* 4> , (2.13b) 
v = + 49 + ^- + 3{9 + ) 2 D— - i{9 + 8-)d a "A Q a + 0- a e +l3 F a/3 (2.13c) 

- (e + ) 2 (o-) 2 n0 + 4i (e + ) 2 e- a d a ^~ & . 

As the first step in deriving the gauge transformation of the components of , we substitute 
in 1)2.11(1 the residual gauge parameter Ao used in the undeformed and QS-deformed theories [§] . 
In chiral coordinates it reads 

A = ia + 26~ a 9 +A d a aa - i(6T ) 2 (#+) 2 □ a . (2.14) 

3 The choice of b 2 — is obviously inconsistent with the standard SU(2)-covariant reality condition (bik) = 
e l ^e k bji under which b 2 — implies bik = . It is still compatible with a non-vanishing bik if the reality is defined 
with respect to a pseudo-conjugation and the R-symmetry group of N = (1, 1) superalgebra is U(l) from the very 
beginning Fortunately, our further consideration does not depend on whether or not c a/3 and b' k are subject 
to any reality condition, which allows us not to care about this issue. 
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Next, we calculate the star-commutator involving only Ao. Note that the third-order term in 
(|2.6|) does not contribute to the gauge transformation of in view of the condition [§] 



(2.15) 



Explicit calculations of Q2.11[) with making use of (|2.6[) . and (|2.14j) as the gauge parameter gives 
the following result 

<W = , 
<$o*4 = , 

SoA a a = d a aCL + 40 d^aC^' 13 , 

<W = 43 p$ a AiC^ , 
4i. 



-a/3 
-a/3 



8qD— 

5 ^- a = -A^~~< d^a C + ~ alJ . (2.16) 
Here, we omitted the singlet terms (~ /) which can be found in [S]. We observe that the 



transformations (|2.16j) . in contrast to those of the singlet case, do not preserve WZ gauge 
because of the appearance of an unwanted dependence on the harmonic variables uf in their 
right-hand sides. This forces us to choose the gauge parameter A as a sum of the 'naive' one Ao 
and some correction terms 

A = A + AA , (2.17) 



with 



AA = 9+9fd% a B[ 
i (a+\2a 



d fl0 aAPG-<# + 



+i 



-) 2 UaB-- aP + \ 



+ 



i + ?{e + fd a6l adUB- Aa P 



a "7 



(2.18) 



The coefficients in (|2.18|) are some undetermined functions of harmonics, the field <j> and defor- 
mation parameters. Note that these coefficients involve both the symmetric and antisymmetric 
pieces in the spinor indices. Now we should calculate the correction term to SqV^^ > 



5y++ = D ++ AA+[F++,AA] 



(2.19) 



From the structure of AA we can conclude that only the lowest order terms in the deformation 
parameters contribute to the star-commutator in Q2.19|) calculated according to (|2.6|) and that 
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the term ~ C a @ is vanishing. Thus we are left with 

[V++, AA], = -21 (d«V++d +a AA - d«V++d^ a AA) - 2 (d +a V++d +p AA) C ++af3 (2.20) 

- 2 (3_ a F++d +/3 AA + d +a V++d^AA) . 

Now we are ready to find the full gauge transformations of the fields following from 

SV++ = 6 V++ + 6V++. (2.21) 

Requiring these full gauge transformations to preserve the WZ gauge amounts to the following 
conditions 

d ++ 8A a6[ = <-» d~-6A a& = 0, (2.22a) 

9++ 6<f> = <-> d~ <fy = , (2.22b) 

(5 ++ ) 2 ^ = <-» =0, (2.22c) 

(3 ++ ) 3 5L»— = ^ drSD— = 0. (2.22d) 

After substituting the precise form of the gauge variations, these conditions fix the unknown 
harmonic functions in terms of (f>, deformation parameters and harmonics. After solving them, 
one can find the explicit form of the gauge variations. Unfortunately, it is very difficult to 
find the closed solution of these equations for the generic deformation parameters, though their 
perturbative solution always exists as an infinite series in these parameters. 

Remarkably, the solution can be found in a closed form if one assumes the product structure 
(|2.8|) for the non-singlet part of the deformation matrix. In the rest of our paper we will deal 
just with this choice, though its possible stringy origin, e.g. as some special ftf = 4 superstring 
background, 4 still remains to be revealed. 



3 The precise form of the residual gauge transformations 

In the first two subsections we present, as instructive examples, the calculation of 8A a a and 
6(f) for the choice (|2.8|) . The full list of the residual gauge transformations is given in the last 
subsection. 

4 The stringy interpretation of the QS-deformation was given in 
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3.1 Gauge transformation of A a a 

The full expression for the variation of A a a following from (|2.21|) upon using ()2.18j) is 

5A a& = d a& a + 4dp*a 4> + 2d m a 4> P C+ + p + i dp&a d ++ B~~ p . (3.1) 
The condition (j2.22a[) amounts to the harmonic equation 

(d ++ ) 2 B~- ^ + 40 C++" d ++ B-- ^ + 80 C+ +/3 = , (3.2) 
which is equivalent to the system 

(d ++ ) 2 B— - 24>C ++a/3 d+ + B-- = , (3.3a) 

(d ++ ) 2 B— ^ + 40 C++ a/3 d ++ B— + A4> C ++ ^d ++ B~ p) + 80 C++ Q/3 = . (3.3b) 

Here 

Vr^y^B-, B- a a = 0. (3.4) 
Though it is easy to obtain a closed equation for 

g = d ++ B— + 2, (3.5) 



viz. 



{d ++ fg + 80 2 (C++) 2 = , (C++) 2 = C++ Q/3 C++ a/3 , (3.6) 



its solution in a close form is very difficult to find without further simplifications. Equations 
()3.3a|) . (|3.6|) . for example, can be solved by iterations to any order in the deformation parameter. 
Closed solutions for these and the remaining constraints in ()2.22|) can be found in the simplified 
case (|2.8j) . For this case we can expand tensor fields over the basis {c a/3 ,£ a @}, for instance 

B~ aP = F-'c a/3 + B~~e af3 . (3.7) 

Then, defining 

T = d ++ F— , (3.8) 
as a consequence of eqs. (j3.3a|) we obtain the following equations 

d ++ g -2 4>c 2 b ++ T = 0, (3.9a) 
d ++ F + 4<f)b ++ g = 0, (3.9b) 
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where c 2 = c a ^c a p. Applying d ++ to (|3.9j) once more, we arrive at the decoupled system 

(a) (d ++ ) 2 g + (K ++ ) 2 g = o, 

(b) (d ++ ) 2 T+(K ++ ) 2 F = 0, (3.10) 

where k ++ = 2 4>V2c 2 b ++ . These equations are a sort of the harmonic oscillator ones and they 
are solved by 

T = (Ci , c 2 ) , g = (C 3 , Q) , (3.11) 

where 

(Q ,£,•) = Cj cos Z + (7,- sin Z , (3.12) 
Ci, C2, C3 and C4 are complex integration constants and 

Z = 24>V2^b + - (3.13) 

(note that k ++ = d ++ Z). Substituting (|3.11|) into (|3.9f) we find two relations between the 
integration constants 

C 3 = -^V2^C 2 , C A = ^V2#d. (3.14) 

Taking into account the definition ()3.5|) and ()3.8() , as well as the property that harmonic integrals 
of the full harmonic derivatives are vanishing, we also find 



du (d , C 2 ) =0, / du (-C 2 , d) =-= . (3.15) 

V 2c 2 



To compute these integrals, we start by noting that 



b++b— -(b + -) 2 = X^h 2 , b 2 = b lk b ik . (3.16) 
It is then easy to show that 

(b + -) 2k+l = d ++ r~, (b + -) 2k = d ++ X - + (-l) fc 7^-rA fc , (3.17) 

Ik + 1 

where £ and \ are some harmonic functions whose precise form is of no relevance for 
computing integrals (|3.15|) . From eqs. (|3.17|) it follows that the harmonic integral of any odd 
power of 6" 1 is vanishing, whence, e.g., J du sin Z = . In Appendix[Blwe give a list of relevant 
non- vanishing harmonic integrals. Consulting it, we solve for the constants in ()3.15j) 

c ' = ' c > = -^^x- < 3 ' 18 > 
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where 

X = 24>\H^. (3.19) 
The final form of the solution for T and Q is 

? = 8++F ^ = -vfr( '^)' e = 8++B " + 2 = - 2 ybr°)' (3 ' 20> 

For our purpose of finding the closed form of 5A a a there is no need to compute B and F . 
Indeed, the coefficient of 9 a( ja in (|3,1|) . 

L% = 81 (1 - c 2 F—6++) + b+'cg + 2 c%4> S~6++ + ^++5^ a , (3.21) 

is required not to depend on harmonics. Multiplying (|3.21|) by J dul = 1 and integrating 
by parts with respect to the harmonic derivative <9 ++ , we can represent this coefficient as the 
following harmonic integral 

Lp = j du [8% (1 + 2<p c 2 Q b ++ b—) +2^4? c 2 Fb ++ b—] . (3.22) 

Keeping in mind (|3.16|) and the first of eqs. (|3.17j) . the traceless part in (|3.22j) can be shown to 
vanish and the computation of is reduced to computing the harmonic integral 

J = j du{b ++ b—)Q. (3.23) 

This is easy to perform using ()3.16|) and the formulas of Appendix IE! 

/ = ^ (X co.h X - 1) - 26* ( X**/- 1 ) • (3.24) 

Finally, we obtain 

L^ = S^XcaQiX. (3.25) 
Thus the variation 8 A a a proves to have the very simple form 

8A a a = d a aCt X coth X . (3.26) 

Note that XcothX is a well behaved function having the proper undeformed limit X — > 0, 

SA a& = d aA a\l + — - — + ...). (3.27) 
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3.2 Gauge transformation of (j) 

The full gauge variation of is a sum of 8q4>, eq. ()2.16j) . and the part computed from (|2.21f) 
with A being substituted by AA (J27THJ). We have 



9aa a 



The r.h.s. of this transformation must be independent of harmonics as stated in ()2.22b|) . This 
amounts to the condition 

{d ++ ) 2 G- p - a + 2C+ +P d ++ B^- a = . (3.29) 

It can be easily solved for the unknown G ^ a . However, it is not necessary to know this 
solution for finding 5(p, since 

8<j) = d a6l aA% j duG^ a (3.30) 

and the problem is reduced to the computation of the harmonic integral in (|3.3U|) . For the 
product ansatz (|2.8|) this integral, modulo a total harmonic derivative in the integrand, is given 
by 

J duG? a = - j du (e a P c 2 b + - T + 2 6+~ . (3.31) 

The second term under the integral in ([3.31)1 is a total harmonic derivative in virtue of the first 
relation in 1)3.17)1 and is therefore vanishing, whence 

5<f> = 2 V&fi {d a aa A a& ) 1 ~ X ™ th X . (3.32) 

X 

Note that the r.h.s. of (|3.32|) contains only integer powers of c 2 b 2 , as can be seen from the 
definition ()3.19)1 and the fact that the function of X in ()3.32)1 contains only odd powers of X . 
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3.3 The full set of QNS-deformed gauge variations 



Proceeding in the same way as above, one can find the full set of QNS-deformed gauge trans- 
formations laws for the Af = (1,1) vector multiplet in WZ gauge. Here is the list of them: 



6</)=o, sm = o, 



$ A aa 

5<t> 



-X COth. XdaaCl , 

:2 v^ /1 - Ic,,lhI 



X 



A aa r) n 



(3.33) 
(3.34) 

(3.35) 



AX 2 (X cothX - 1) 
X 2 + sinh 2 X - X sinh 2X 



b v c. 



'a/3 



AX cosh 2 X - 2X 2 (coth X + X) - sinh 2X 



X 2 + sinh 2 X - X sinh 2X 



SD i:j 



--2ib ijC af3 d aa ^d^a. 



(3.36) 
(3.37) 



Having the explicit form of the deformed gauge transformations, one can deduce a mini- 
mal Seiberg-Witten-like map (SW map) which puts these transformations into the standard 
undeformed form 



A aa = A aa X coth X . 



=4> + A 2 v^fe2 XcothX ( - ~ X ™ thX ^j 



(3.38) 
(3.39) 



b ij c, 



-a/3 



V c 2 b 2 



AX 2 (X coth X - 1) 
X 2 + sinh 2 X - X sinh 2X 

AX cosh 2 X - 2X 2 (coth X + X) - sinh 2X 



D 



X 2 + sinh 2 X - X sinh 2X 
--D ij + 2ib ij c a ' 3 d aa ^A^. 



For the fields with "tilde" we obtain the standard transformations 



SA C 



d aa ci , 



6(f) = 0, 5D ij = , 



8W r 



0. 



(3.40) 
(3.41) 

(3.42) 



The gauge field strength F a p = 2\d^ a< ^ A°L which is non-covariant with respect to the deformed 
transformations is redefined under the transformation A ni 



A aa as 



F af 3 = F a pX coth X + 4iv / 6 2 c 2 %^ ) ^coth X - 



X 



sinh 2 X J ' 



(3.43) 
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where F a p = 2id^ a ^A m . Since F a p is manifestly gauge invariant, it is easy to derive from (|3.43[1 
what is the deformed analog of this field strength. 

4 The QNS-deformed action 

In this section we calculate the N = (1, 0) gauge invariant action in components. We concentrate 
on the bosonic limit of the action. The full supersymmetric action with all the fermionic fields 
included, as well as the full set of unbroken M = (1,0) supersymmetry transformation laws, 5 
will be presented in a forthcoming paper |25j . 

The QNS-deformed action for the N = (1, 1) U(l) gauge theory in harmonic superspace |24| . 
in the form most appropriate for our purposes, is written in the same way as in the QS-deformed 
case jH] 

S=^J d 4 x L d 4 6duW*W = -J d A xd A 9duW 2 . (4.1) 
Here W is the covariant superfield strength 

W = ~(D + ) 2 V— =A + 9+T-" + (e + ) 2 T— , (4.2) 

and V is the non-analytic harmonic connection related to by the harmonic flatness 

condition 

B++V— - B—V++ + [V++ , V ]^ = . (4.3) 

In (|4,2j) we have used the general expansion of V in terms of chiral superfield components 
(depending only on x^", 0a > u±l ) 

v = v — + d+v(~ 3) d + er v ~ h + (o~-) 2 A + {e + e-)tp— + d-^d+Pcp-r + (#+) V" 4 ) 

+ ^~?Gir~ & + (0 + ) 2 er T ^ A + (9 + ) 2 (9-) 2 t— . (4.4) 

The whole effect of the considered deformation in the above action comes from the structure 
of W due to the presence of the star commutator in the equation Q4.3|) defining V . As a 
consequence of the latter, (|4.2|) satisfies the condition 

D++W+ [V++, W] jr = 0, (4.5) 

5 In fact, it is of no actual necessity to explicitly know these transformations, since our procedure of deriving 
the action is manifestly M = (1,0) supersymmetric by construction. 
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which amounts to the following equations for the chiral coefficients in (|4.2|) 

V++^ = 0, (4.6a) 
v++T -d + A]^ = 0, (4.6b) 

V ++ r- - ~ {«+ r- & }^ + [«, ^ = , (4.6c) 

where 

V++ = D++ + [«++,] ^ (4.7) 

and v ++ = (6 + ) 2 4>, v£ and v are defined in l)2.13b|) . H2.13cj) . The Q-deformed commutator 
in (|4.7jl . for a general chiral superfield (irrespective of the Grassmann parity of the 

latter), reads 

[v ++ ^]^ = -2d +a v ++ d + ^C ++aP - 2d +a v ++ d^p$>C + - a P -2Id +a v ++ d^e a ^ . (4.8) 
Then for the product ansatz (|2.8|) . V ++ <3? becomes 

9++ - (e a/3 + 4$b + -c af3 ) 9+d_p - 406++ c a/3 6>+d+ J $ . (4.9) 



Like in the QS-case JSj], using eqs. (|4.6b|) . ()4.6cj) and the following additional equations 
implied by (|4.3j) for the other chiral coefficients in the expansion (|4.4|) 

V ++ v~ d =0, (4.10a) 

V ++ ^- + 2(4 - u) + \ {v + d , V t }^ = , (4.10b) 

it is straightforward to find the explicit form of T~ a , r and to show that the only superfield 
that contributes to the action is A . Thus the invariant action is reduced to 

S = ^J d A xd 4 9duA 2 , (4.11) 

and it remains to calculate the superfield A . This can be accomplished using eqs. (|4.6a[) . (|4.10aj) 
and (|4.10b|) . As a first step, we substitute in (|4.11|) the component expansion of A 

A = Ax + 0- a A+ a + 9 +a A^ a + (9-) 2 A+ + + (8-6+)A 5 + 9~ a 9 +/3 A 6 a p + (9+) 2 Aj- 

+ (d~) 2 d +a A£ a + (0 + ) 2 9- a Av a + (9-) 2 (9+) 2 A 10 , (4.12) 
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and integrate over Grassmann coordinates, which leads to 
1 



S - — I d 4 XL du 



2AiA 10 - (AtAg) - (A3A+) + 2A+ + Aj- - -A\ - -Al 



(4.13) 



As soon as we limit ourselves to the bosonic part of the action, the terms A^ , A s a , Ag a and 
Ag a can be discarded. Thus the bosonic action we are searching for takes the form 



Sbos = j I d?x L du 



2AiA w + 2Af + A~ 7 



La 2 --A 2 



(4.14) 



4.1 Determining A 



By substituting the 6 expansion (|4.12|) . with all fermionic components omitted, into the super- 
field equation (|4.6aj) . we obtain the following equations for the quantities entering the bosonic 
action (14.1411: 



d++Ai = , 



d ++ AX + = , 



d ++ A 5 + 2AJ + - 2(f>F 



c aP A 6aP = 0. 



d ++ A 6af3 + 40(26+-^++ + b ++ A 5 ) c aP + 46 ++ M 6 (a 7 ^) = , 
3 ++ Ay- +A 5 + 2^b + -c al3 A 6a(3 = , 
d ++ A w = . 



(4.15a) 
(4.15b) 
(4.15c) 
(4.15d) 
(4.15e) 
(4.15f) 



It immediately follows from (|4.15a|) . ()4.15b|) and (|4.15fj) that A\ and ,4io are independent 
of harmonics and that A\ + is of the form A^ + = A^ufuJ, with A$ being independent of 
harmonics. It is also obvious that the equations (|4.15|) . being homogeneous, can determine the 
components of A only up to some integration constants. These constants should be fixed from 
eqs. (|4.10b|) and (|4.1Uajl . To accomplish this, we first have to pass to components in v~ " and 
ip as in (|4.12|) and substitute the relevant 9 expansions (with all fermions omitted) into eqs. 
(|4.10b|) and (|4.10a|) . After that we should solve the corresponding harmonic equations for the 
components. Omitting details, we obtain the following solutions for A\ and Ai$: 

A, = + I^ 1 (i-^^) J 4 2 + (6 2 c 2 )3/2 tanhx a aci ^^, 
A w = A 2 =A a& A a6t . (4.16) 
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Solving the rest of eqs. IJ4.15J) is not so easy, though things are simplified by observing that 
we do not need to calculate Ay ~ . Indeed, making use of the relation _4+ + = d++ A%~ , A%~ = 
A^ufuJ and integrating by parts in the term 

J d A x du ^At + Aj - = - J d 4 x du ^At~ d ++ Aj- , (4.17) 

in (j4,14|h we can eliminate d ++ A^~ with the help of eq. (|4.15e|) . As a result, the remaining part 
of the action will involve only A % 1 , A5 and A§ a p . Our strategy for finding explicit expressions 
for these quantities as solutions of the appropriate component harmonic equations is as follows. 
Firstly we find series solutions to few first orders in the deformation parameters, with taking 
account of the component equations comprised by (|4.10bf) . Such a perturbative solution suggests 
a particular ansatz for the sought component fields, which finally provides an exact solution 
reproducing the known terms in the series solution. In this way we arrive at the following 
ansatz 

A 6a f3 = 9i F a/3 + g 2 c a(3 + g 3 cJ a F l(3) + g 4 A^d^cp + g 5 c^A^d^cj) , 
"Pead = h i~ F a p + K~~ c aP + cJ a F 7(9 ) + /ij" A( a& dfy(f) + /15 " cJ a Afy & d^^ , (4.18) 
Ail = a x D ij + a 2 + a 2 b^ k D j k ] . 

The functions gi, h\ can depend on ^,6*-', c a p and harmonics. Similarly, on can depend only 
on (j), b 13 and c Q/ g; these functions are harmonic- independent. To find all these functions one 
actually needs eq. (|4.15d|) (which amounts to several coupled equations after substituting the 
above ansatz for A% a p) and those component equations which appear as the coefficients of the 
monomials (0~) 2 , (9~ a 9 +l3 ) and (9 + ) 2 in ()4.10b|) . Once the unknowns in (|4.18|) are found, the 
function A5 can be computed from (|4.15c[) . without assuming beforehand any ansatz for it. 
Skipping details of calculations and introducing the short-hand notation 

c-F = c af3 F a/3 , b-D = b ij DV, c-Ad^ = c a ^A {a ^, 
A - dcj) = A ad ,d a % , F-A80 = F a ? A (a& d^ , 
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the final expressions for the remaining building blocks of the bosonic action are 



A %1 



As 



+ 



cosh 3 X cosh 2 X ' 



(4.19) 



2a b+~ 



+ 



cosh 3 X X 2 cosh 3 X 



, - 2i cosh 2 X (cosh X sinh X - 1 ) (c • Ad(f>) 



X z sinh Xa + <p cosh' 3 X sinh X(c • F) + 



coshX 



(-2,0) 



+ 



(X 2 + Z 2 ) 



[(0, -XsinhX) - Z + (coshX, 0)Z] 



(4.20) 



/ sinhX 
91 = I — ^— > 



.'72 



2<^ 6 2 [(X 2 + Z 2 )cr + 8cpc 2 cosh L» +H 



(4.21a) 



X 2 cosh 6 X(X 2 + Z 2 ) 



[(0, 2coshX)Z + (2XsinhX, 0)] 



+ 



2D+- 



+ 



2b + -<r 



9h 



94 



.95 



Here 



iio 



coshX ' cosh 2 X 
sinh X 



2iVW^ 
X 2 coshX 

"X 2 coshX 



(X - cosh X sinh X , 0) , 
(0, coshXsinhX-X). 



a 



sinh X 
X 



. ts cosh X sinh X — 2X , ^ - cosh X sinh X 
-2i(c ■ Adcj)) - + (c • F)cj> - 



X 



X 



(4.21b) 

(4.21c) 

(4.21d) 
(4.21e) 

(4.22) 



and we used the definition ()3.12j) . 

All these expressions meet the criterion of regularity in b 2 , c 2 and cj), as can be checked on 
their closer inspection. In particular, functions multiplied by l/(-^ 2 + Z 2 ) in the expressions for 
As and <?2 fulfill the consistency and regularity conditions which mean that they are in fact of 
the form (X 2 + Z 2 )F(X, Z) , where F(X, Z) is regular. This regularity can be seen most clearly 
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by representing 
1 



[(0 , -X sinh X)- Z + (cosh X , 0)Z] 



X 2 + Z 2 

i / cosh(X + iZ) - 1 cosh(X -iZ)-l 



X + iZ 



X-iZ 



1 



, , . sinh(X + iZ) sinhfX — \Z) 
\{2X sinh X , 0) + (0 , 2 cosh X)Z] = — ^— -L + — — -L . (4.23) 



X + iZ 



X-iZ 



x 2 + z 2 

As an example, we quote the first terms in the series expansion of A± and A5 

Xl = £>« + 6^'[2i(c • + <p(c ■ F)] H , A = -2D+- - 4i6+-(c • + • • • . (4.24) 

Substituting the expressions 1)4. 16j) . (|4.19|) . (|4.20j) and the expression for Aqo/3 with the 
functions gi given by (|4.21j) into 1)4.14)) (with taking into account (|4.17|l ) and doing the harmonic 
integral we obtain 



Sbo 



d i x< 



+ 



1 



tanhX 
X 



A 2 + {b 2 c 2 f' 2 tMi\iXd a 



+ 



Dcp 

1 D 2 1 ,,sinh 2 X 1 -., ^,tanh 2 X l l9/ sinh 4 X 

o F 2 = h -<p(b ■ D)(c ■ F) = — +-b 2 c • F) 6 = — 

4 C osh 2 X 16 X 2 2 Vy A ' X 2 4 V ;V X 4 cosh 2 X 



n t~\ \ / ^jxtanhX l2 . . oTx , „ N t sinh 3 X 
(6 • D)(c • ,430) — h 6 2 (c • Ad<p)(c ■ F) ep- 



ic ■ Adcpyb 



X 

■■> 2 sinh 2 X / tanh X 



X 3 coshX 



/ tanhX 



cosh 2 X 



+ 



(Adcpyb 2 c 2 ( cosh X sinh X - X 



X 2 \ X cosh 2 AV cosh z X V 
\^f\p^ ( F ' tanh X ( cosh X sinh X ~ X 



X 2 



x 2 



(4.25) 



Through the minimal SW map (see subsection IM.MJ1 this action is simplified to 

Sbos - 



d 4 x 



- |(6 2 c 2 f' 2 tanhXd a 



1 D 2 

+ T" 



4 cosh 2 X 



—F 2 cosh 2 X + \b 2 (c-F) 
16 4 



(4.26) 



This action is invariant under the standard abelian gauge transformations. Turning off the 
deformation parameters we are left with the usual bosonic sector of the undeformed action. 
Performing the further field redefinition 



1 ~aa -, tanh X 
D + <p(c ■ F)b lJ 



cosh 2 X 
1 

cosh 2 X 



X 



+ {b 2 c 2 f /2 (dcP) 2 tanh X 



(4.27a) 
(4.27b) 
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the bosonic action can be transformed to the most simple form 



''bos 



d x cosh X 



(4.28) 



From this expression it is obvious that we cannot disentangle the interaction between the gauge 
field and by any field redefinition. This is similar to the singlet case [HI El) where the scalar 
factor (1 + 41(f)) 2 appears instead of cosh 2 X . Note that the bosonic action (j4,28|) involves only 
squares c 2 and b 2 , so it preserves "Lorentz" Spin(4)= SU(2)lxSU(2)r symmetry and SU(2) 
R-symmetry as in the singlet case, despite the fact that the deformation matrix ()2.8|) breaks 
both these symmetries down to U(1)l xSU(2)r and U(l). This property is similar to what 
happens in the deformed Euclidean N = (1/2, 1/2) Wess-Zumino model where the deformation 
parameter C a/3 also appears through its Lorentz-invariant square 0. Note, however, that the 
fermionic completion of (|4.28j) explicitly includes both c a @ and b tk |25|, so these two symmetries 
are broken in the total action. This feature matches with the fact that Lorentz symmetry is 
broken in the action of deformed J\f = (1/2, 1/2) gauge theory, and also due to some fermionic 
terms [3]. 

4.2 Limiting cases 

Let us expand the action 1)4. 25J) up to the first order in the deformation parameters bij and c a/3 
to compare it with the results of lll| 11 2 j . In this approximation the action reads 



J d^XL ~4D^ + \d 2 + \c af3 A a6l d^ D^by - -^F 2 + ^>D% ijC ^F a p 



(4.29) 



It can be checked that ()4.29|) coincides with the first-order action of references ^] upon 
substituting there the product ansatz (|2.8|) . The gauge transformations laws (|.3,3.3|) in this case 
reduce to 

5A a a = daaCl , (4.30a) 
6(f) = , (4.30b) 

5¥ a = -h^c^^a , (4.30c) 

SDij = 2ib ijC a(3 d a a^a . (4.30d) 

These laws also precisely match with those given in [7J ^] . 

It would be also interesting to study the particular case of our results corresponding to the 
choice 

c a/ V0 611/O, b 12 = b 2 2 = 0^b 2 = 0. (4.31) 
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This degenerate choice preserves N = (1,1/2) supersymmetry First we focus on the 

non-trivial gauge transformations ()3.33j) . which for this choice are reduced to 



5 A c 



o. 



svl = o . 



5^>i = -b u c a pH d^a, 6D U = 2ib lx c a P d {ct ^d% a , 8D 12 = 5D 22 = 0. (4.32) 
Then we look at the action l|4.29|) . 



/ 



d A x L 



- - ^F^Fvp + \d 2 + iD n b u c a ^d {a jA% + ^D n b llC ^F a/3 



(4.33) 

Since in our case b 2 = 0, this action is actually the exact form of 1)4.25)1 for the considered choice. 
To compare our results with those on ^2j we have to use the minimal SW map for the choice 
1)4.31)1 . which is easy to calculate. In fact, the only non-trivial transformation is 



D u = D 11 -2ib 11 c a ' 3 A {ack d^. 
Performing it gives rise to the following action 

S bos = / d A XL 



1 



(4.34) 



(4.35) 



This action, as well as the gauge transformations 1)4.32)) . coincide with the expressions for the 
gauge transformations and bosonic sector of the action given in ^2], up to a constant rescaling 
of the fields. Thus, proceeding from the N = (1, 1) superfield formalism, we have reproduced 
the results of ^2] obtained within the N = 1 superfield formalism. It is interesting to note that 
the redefinitions ()4.27|) are reduced to 



ip = 4>, 

d u = D u , 
d 12 = D 12 , 

d 22 = D 22 + 0c al3 F af i b 22 



and the action 1)4.35)) becomes undeformed in terms of the new fields 

S~- 

which is obviously consistent with our result 



d 4 x 



■ -(fD6 + -d ij dij - —F af3 F, 
V Y 4 3 16 



a/3 



(4.36) 



(4.37) 
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5 Unbroken J\f = (1,0) supersymmetry 



As we pointed out in the beginning of Sect. 4, there is no actual need to explicitly know the 
unbroken J\f = (1,0) supersymmetry transformations, since the full action (with all fermionic 
terms taken into account |25|) is supersymmetric by construction. Nevertheless, for complete- 
ness, here we explain how to derive the M = (1,0) transformations in the WZ gauge in the 
present case and give some examples of these transformations. 
Unbroken supersymmetry is realized on as 

Wwz = ( e+ ° 5 +« + C - D++ A c - , A c ] , , (5.1) 

where the star bracket, like in the previous consideration, is defined via the non-singlet Poisson 
structure with the deformation matrix ()2.8j) and A c is the compensating gauge parameter which 
is necessary for preserving WZ gauge. 

As in the case of deformed gauge transformations, for ensuring the correct undeformed limit, 
the parameter A c should start with the parameter L corresponding to the undeformed M = (1,0) 
supersymmetry. Being expressed in chiral coordinates, L is [H] 

l = i + (0+r) + (e + fi— , (5.2) 

where 

X e = 2(e-0 + )4>, 
r d = 4i(e-0 + )0-d a «0 - 2e~A a& + 4( e -^ + )^-° , 

(5.3) 

I— = 2(e - * - ) + 2ie- a e- p d^A a6l - 2(e - 6 + ){e-) 2 U^ 

+ Ai(e-e + )0- a d a ^ A + 2{e-0 + )D— . 

Let us for a while drop the undeformed part of the N = (1,0) variation of V^^, which we 
denote by ^o^wz and which corresponds to substituting L for A c in (|5.1|) and discarding the 
last commutator term there. We denote by 5V^% the lowest-order non-singlet part of the 
transformations coming from the star commutator in l|5.1|) with L as the gauge parameter. In 
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terms of superfield components, this part has the form 



>c aj3 b ++ 



Sty a = 8e /3 [(* ) 2 -(f)D jc--o' ■ -hzi<pe 7 a /3 , 
l§7 = 4i00 a(i 0eJc a/J & + -, 



(5.4) 



£0" 



-8i 



where e~ = e a it^~ and is the Grassmann = (1,0) transformation parameter. We observe 
here the same phenomenon as in the case of deformed gauge transformations in Sect. 3: these 
variations violate the WZ gauge due to the appearance of harmonic variables in the r.h.s., so 
one is led to properly modify L . Moreover, in SVyyz there appear additional terms linear in the 
Grassmann variables 



'a c /3 



(0) 2 c af3 b ++ - 8ff£A£ejj4(? f, b ++ + 



(5.5) 



Thus, in contrast to the case of gauge transformations, the WZ gauge form of proves to 
be broken by J\f = (1,0) supersymmetry transformations with A c = L not only in the harmonic 
sector but also in the Grassmann sector. 

To solve this problem, we should promote the gauge parameter L to the one providing correct 
transformations laws for the components fields in the WZ gauge. Thus we define 



A c = L + F e 

and rewrite ()5.1|) in the following way 

™WZ = + Kz - D++ ( L + F e) ~ [Kz , (L + F £ )l 

= 6 V++ + 6V++ + 6V++, 

where 



(5.6) 



(5.7) 



wz 



-d++(f £ )-[f++,f; 



and 



F + 6 + F~ + 



F~ 
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is the additional compensating gauge parameter intended for restoring the WZ gauge. The 
minimal set of terms needed to eliminate the improper harmonic and Grassmann dependence 
appearing in (|5,7|) and (|5.4|) amounts to the following form of F e : 



F = e +a f~, 

F~ & = g~ & + 2i0~ + Pd a « fp + e +a b~~ & + {e + f g { - 3) « , 
F— = g— - {9-) 2 e +a Uf- + iO- a d a& g-" + W +a 0- dp-r + 6 +a ft 3) 
+ i{6 + ) 2 6~ a d a ag { - 3) " + (9 + f x { ~^ . 



(5.8) 



The requirement that the terms in dV^^ + SV^^ which are linear in 8 and 6 must vanish in 
order to restore the WZ gauge in the Grassmann sector gives rise to the following equations 



d++f- a + 4^/~ c af3 b ++ + 8ep(4>) 2 c a ?b ++ = , 
d++g7 +4A aA fp c al3 b ++ + ^A a ^c^b ++ = . 
It is straightforward to check that the proper solution to these equations is given by 



(5.9a) 
(5.9b) 



T af3 



( sinhX 



cos Z — 1 



a0 , 2 sinhX . 
" p ' 1 sm Z 



C* 1 

2X 



c 2 X 

sinh(X + iZ) sinh(X - iZ) 



X + iZ 



X-iZ 



X \ x-\z 



1 [cosh(X - iZ) - 1] + - 1 — [cosh(X + \Z) - 1] 



X + iZ 



and 



A, 



-l f -a 



(5.10) 



Note that these solutions are regular in eft, c a @ and b lk as they should. 
Using these expressions and requiring 



d++6(f> = , (d ++ ) SWT = , d ++ 5A aA = , (5 ++ ) 2 ^" = , (d ++ ) 3 5D— = , (5.11) 

we can explicitly find other components of F e and restore the correct M = (1, 0) supersymmetry 
transformations preserving WZ gauge. We are planning to give the full set of these transforma- 
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tions in j2E]- Here we quote only simplest ones 



5V* 



0, (5.12) 
2i 



: cosh X sinh X c af3 b ij - i cosh 2 X e af3 e ij 



ejpdaafi, (5.13) 



.VP? 

8A a6l = b ijCaP + 2e k J> k6l X coth X . (5.14) 

These variations form the algebra which is closed modulo a gauge transformation with the 
composite parameter a c = — 2i(e • r])(j): 

[8 e ,5 v }$ = 0, [S e ,S v }^i = 0, 

[S e , S v ] A a a = -2i(e • r]) (X coth X) d a6l 4> ■ 

The N = (1,0) transformations are radically simplified for the degenerate choice (|4.l-il)) with 
b 2 = 0: 



(A 



6 Concluding remarks 

In this paper we analyzed the model of a non-singlet Q-deformed M = (1, 1) supersymmetric 
U(l) gauge multiplet in harmonic superspace. We presented exact expressions for the gauge 
transformation of the fields, calculated the bosonic sector of the component action and gave a 
few examples of unbroken J\f = (1,0) supersymmetry transformations in WZ gauge. All these 
results have been obtained for the special decomposition (|1.6|) of the SU(2)lxSU(2) deformation 
matrix, namely C^g = b %:) c a p. This choice contains only six degrees of freedom, in contrast to 
the nine parameters of the generic non-singlet matrix (or two versus three after choosing an 
appropriate frame with respect to the broken SU(2)lxSU(2) symmetry 6 ). Let us summarize 
the key features of the ansatz (|1.6|) . 

• It provides a unique possibility to obtain all quantities in a closed compact form, in contrast 
to the generic non-singlet deformation case [3 lll[ I12j . 

• It realizes the maximally symmetric non-singlet deformation, with the "Lorentz" U(1)l 
and R-symmetry U(l) subgroups left unbroken. The generic non-singlet deformation fully 
breaks SU(2)l and R symmetry. 



3 Using broken scale 0(1, 1) automorphism symmetry, one can further fix one parameter in both cases. 
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• With the choice b 2 = it includes the important degenerate case which preserves 3/2 of 
the original N = (1, 1) super symmetry (assuming a pseudoconjugation for the deformation 
parameters) [SI 112j. 

• It directly yields the well-known Seiberg ansatz after performing the reduction to N = 
(1/2, 1/2) superspace, with c a p becoming the reduced deformation matrix . 

The bosonic action has a structure similar to the singlet Q-deformed one calculated in [HUH], 
in the sense that the gauge field develops a non-trivial interaction with one of the N = (1,1) 
vector multiplet scalar field, i. e. eft. This interaction is the exact zero-fermion limit of the full 
component interaction lagrangian which, as follows from the superfield setup we started with, 
by construction breaks some fraction of the original supersymmetry. In the general case of c 2 7^ 

0, b 2 7^ the full component action should break the original M = (1, 1) supersymmetry by half, 

1. e. down to N = (1, 0) , whereas the degenerate choice b 2 = preserves the fraction 3/2 of M = 
(1, 1) supersymmetry, as noticed in [S| and discussed in more detail in a recent paper [TSJ. While 
the characteristic object of the Q-deformed N = (1,1) gauge theory with the singlet deformation 
matrix is the polynomial factor (1 + 4:1 (p) [HUH], where I is the deformation parameter, in the 
considered case there naturally appear hyperbolic functions of the argument X = 2<j)Vb 2 c 2 . 
Though the intrinsic reason of this mysterious appearance of the hyperbolic functions in the 
case of QNS-deformation with the product deformation matrix is so far unclear, it hopefully 
could be understood after clarifying possible relation of this sort of nilpotent deformation to 
some non-trivial backgrounds in string theory. Anyway, it is the manifestly supersymmetric 
harmonic superfield approach which allowed us to reveal these non-trivial structures at the 
component level: it would hardly be possible to exhibit them using from the very beginning the 
component approach or any approach based on the ordinary superfields. 

More details of this special QNS-deformation of N = (1, 1) gauge theory, in particular, the 
total component action with fermions, will be given in our forthcoming paper j2Ej- As for the 
possible further developments, it would be interesting to study implications of this deformation 

7 Let us choose e.g. 8 a as the left Grassmann co-ordinate of some Af = (1/2, 1/2) subspace of the Af = (1, 1) 
superspace, i.e. 9f = 6 a , assume the pseudoconjugation for all involved quantities as in and fix the relevant 
broken automorphism (7(1) and 0(1, 1) symmetries of the Af = (1, 1) superalgebra in such a way that bit = 
(611,622,612) = (1,622,0). Then the deformation operator 1)2. 2|l for the choice l|2.8|l and / = is reduced to 
P = —dad* 13 dp — b22d a c al3 dp , i.e. it is expressed as a sum of the mutually commuting chiral Poisson operators 
on two different Af = (1/2,1/2) subspaces of the M = (1,1) superspace, with 622 being the "ratio" of two 
Seiberg deformation matrices. When b22 = 0, we face the case b 2 — of Sect. 4.2, with only one Af = (0, 1/2) 
supersymmetry broken. For 622 7^ 0, both Af = (0, 1/2) supersymmetries are broken. The parameter 622 measures 
the breakdown of the second Af = (0,1/2) supersymmetry which is implicit in the Af = (1/2,1/2) superfield 
formulation based on the superspace (x m , 6 a , 8 a ) . Recall that within the standard complex conjugation the 
reduction to Af = (1/2, 1/2) superspace makes no sense since the latter is not closed under such conjugation 
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in non-abelian N = (1, 1) gauge theory and in the models including hypermultiplets, along the 
lines of refs. The study of quantum and geometric properties of these models, equally 

as revealing their possible phenomenological applications, e.g. as providing specific mechanism 
of the soft supersymmetry breaking, surely deserve further attention. 

Finally, it would be interesting to treat the case of the generic non-singlet deformation matrix 
C^n as a perturbation around the non-trivial ansatz (jl.6|) rather than around the undeformed 
limit. In this way one can hope to find a closed formulation of the general QNS-deformed theory. 
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A Notation and conventions 

In this Appendix we review the basics of N = (1,1) Euclidean harmonic superspace which we 
use throughout the paper. For a deeper treatment of this subject we refer to (231 HI] (see also 

isnniuni). 

The Euclidean harmonic superspace is defined as the product 

m 4+2|8 = R 4|8 x SU£) j (A1) 

where IR 4 ' 8 is the M = (1, 1) Euclidean superspace and SU(2) is the R-symmetry (automorphism) 
group of M = (1, 1) superalgebra. The topology of this superspace is IR 4 ! 8 x S 2 and it is 
parametrized by the standard (4 + 8) coordinates (x aa ,6f ,6 at ) of the superspace IR 4 ! 8 and the 
SU(2) harmonic variables representing sphere S 2 ~ SU(2)/U(1) and denoted by uf . 8 The 
harmonic variables are defined by the completeness relation 

uf uj - u+ u~r = eij . (A.2) 

8 Throughout the paper, Greek indices a, a are spinorial indices of the group Spin(4) = SU(2)lX SU(2)r and 
Latin indices i,j are the doublet indices of the R-symmetry group SU(2). Both sorts of indices are raised and 
lowered with the skew-symmetric metric £ al3 , e al3 , e lk , e.g. — EkjU ±: ' , u k = e fej u^, where S12 ~ 1 , £ a/3 £ / 3 7 = 
5" , etc . 
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Their symmetrized products 



u . ... u- u s . . . u. s 

(U *n n 3m) 



form a complete basis of functions on the sphere S 2 . 

While in the central basis the harmonic superspace is represented by the coordinates (x aa , 9f, 
9 m ,uf), its analytic basis is defined as the coordinate set (x^ a ,6> a± , 9 a± ,uf) , where 

x aa =x aa _ /^i^jy- u + > 

0a ± =0"k u ± t g&± = g«k u ± _ (A.3) 
The covariant spinor derivatives in the analytic basis are defined as 

D k a u+ =D+ = d. a , D k a u- = D- = -d +a + 2W-«d a6l , 



where 



D% u+ =D+ = cL d , D%u~ = -D7 = -d + a - 2i9~ a d a6l , (A.4) 

0±a = o TTT- , 0±a = n , O, 



d Q±a> QQ±a' Q x c 

and D k a , D% are spinor derivatives in the central basis (their explicit form is not needed for us). 

An important ingredient of the harmonic superspace is the covariant derivatives with respect 
to the harmonic variables. In the analytic basis they are 

= 8° + d +a d +a - 0~ a d^ a + 9 + «d +dl - 0- & 5- & , 
D++ = d ++ - 2W +a 9 + «d a a + 6 +a d- a + S +& 5- & , 

B A - = d— - 2W- a 9-«d a a + 9- a d +a + 9- (A.5) 

with 

~n +i d _„ d , d 



u'°- — — — u "— r, and 9 ±± = u ±l 



du +l du~ l du^ 1 
They form an SU(2) algebra: 

[D++, D— ] = D°, [ D° , D ±=t ] = ± 2 D ±± . 

The left-chiral basis of the harmonic superspace is represented by the coordinates (x1 a , 9 ±a , 
9 ±a , uf) , where 

In this basis, the differential operators used throughout the paper are written as 

D+ = a_ Q + 2i9+«d a a , D- = -d +a + W- 6 'd adl , D+ = d- & , DT = -d +& , 

D++ = d ++ + 9 +a d_ a + 9 + *d_a , D~ = 8T~ + 9~ a d +a + 0~ A d +& , 

Q+ = a_ Q , Q~ = -d +a . (A.7) 
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B Some useful harmonic integrals 

In this Appendix we give explicit formulas for some harmonic integrals appearing in our calcu- 
lations. 

The integration over harmonics is fully specified by the two rules |24] 



(a) / du 1 = 1 , (b) duuf. . . . uj u, . . . u ■ \ = ■ 

K ' I I ( 1 3 3m ' 

This means, in particular, that the harmonic integral of any object of the form d ++ f or 
d / ++ equals to zero, i.e. one can integrate by parts. 

Using this property and eqs. (|3.17|) . it is easy to compute 

J du(b + -)^ = t^(^J + \ J du(b+-f^ = 0, (B.l) 

whence, recalling that Z = 2(f>V2 c 2 b + ~ and X = 2(f>Vb 2 c 2 , 

/sinhX .„ , 

du cos Z = — , (B.2) 

JduZ S inZ= S[nhX -X COShX , (B.3) 
f , r*i r, 2XcoshX-2 sinhX- A 2 sinhA 

/ du Z A cos Z = — , (B.4) 

f , . „ A 3 coshA-3A 2 sinhA + 6A coshA-6sinhA 

/ du Z 4 sin Z = — , (B.5) 

f , a , , (24 + 12A 2 +A 4 )sinhA , . 

/ duZ 4 cosZ = -4(6 + A 2 )coshA + ^ — ± '- , etc. (B.6) 



The easiest way to compute integrals (|B.3|) - ()B.6|I is to introduce a real parameter a into (|B.2j) 
as Z — » aZ, X — > al and to repeatedly differentiate both sides of ()B,2|) with respect to a . 



Another type of harmonic integrals include some object A + = A^u^ 



i u k- 



(_-i\n+l /h 2 \ n 
J duA + - (b + -) 2n = 0, J du{A + -f {b + -) 2n+1 = 0. (B.9) 



2* 



The vanishing of integrals in (|B.9|) directly follows from the fact that they should be SU(2) 
invariants and the observation that it is impossible to form SU(2) invariants from the given sets 
of traceless tensors and b^ lk \ Integrals ()B.7|) and l)B.8|) can be directly computed using the 
identities of the type ()3.16|) following from the completeness relation (|A.2|) , 
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